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THE CONE OF MOVING CURVES OF A SMOOTH FANO
THREE- OR FOURFOLD
SAMMY BARKOWSKI
Abstrat. We desribe the losed one of moving urves NM(X) ⊂ N1(X)R
of a smooth Fano three- or fourfold X by nitely many linear equations. These
equations are indued by the exeptional divisors of divisorial ontrations
and nef divisors on birational models of X whih are obtained by ips. The
proof provides an indutive way to ompute the one NM(X) of moving urves
and gives a desription of the Mori one of a variety X+ obtained by a ip
φ : X 99K X+ of a small ontration on X.
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1. Introdution
We will give a haraterisation of the one NM(X) of moving urves of a smooth
Fano three- or fourfoldX by a nite number of linear equations, whih are related to
exeptional divisors of divisorial ontrations and nef divisors on birational models
of X :
Theorem 1.1 (Main Theorem). Let X be a smooth Fano fourfold. Then there
exists an expliitely known, nite set Eq(X) ⊂ N1(X)R of divisor lasses suh that
NM(X) = {γ ∈ N1(X)R | γ ·∆ ≥ 0 for all ∆ ∈ Eq(X)}.
In partiular, NM(X) is a losed onvex polyhedral one in N1(X)R.
We will onstrut the set Eq(X) expliitely in the following setions, and we will
show by example that this set is atually omputable.
The proof of the main theorem also applies to smooth Fano threefolds. We will
thus dedue the following statement.
Proposition 1.2. Let X be a smooth Fano threefold and let ϕi : X → Xi be the
divisorial ontrations of X, with exeptional divisors Ei ⊂ X and extremal rays
R+[ri], i = 1, . . . , k, of the Mori one NE(X). Then
NM(X) = {γ ∈ N1(X)R | γ ·∆ ≥ 0 for all ∆ ∈ {[E1], . . . , [Ek]} ∪ Nef(X)}.
In partiular, NM(X) is a losed onvex polyhedral one in N1(X)R.
Date: February 02, 2009.
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There are several authors who have been working on the one of moving urves.
As a onsequene of their main theorem in the preprint [BCHM06℄, C. Birkar, P.
Casini, C. Haon and J. M

Kernan obtain that the one of moving urves of a
Fano n-fold is polyhedral.
In ontrast to our approah, they desribe the one in terms of extremal rays whih
an be obtained as pullbaks of rational urves lying in a general bre of a Mori
bre spae obtained by running the minimal model program.
This idea was introdued in a more general setup in the paper [Bat92℄ by V. V.
Batyrev. There he gives a struture theorem for the moving one of a threefold,
whih was nally proved in the preprint [Ara05℄ by C. Araujo, but see [Ara05,
Remark 3.4℄. Very reently, B. Lehmann published the preprint [Leh08℄. He proves
a version of this struture theorem for higher-dimensional varieties. The author has
been informed that Alex Küronya and Endre Szabó have independently obtained a
desription of the moving urves of manifolds in dimension three and four.
The proof of Theorem 1.1 and Proposition 1.2 rely on the famous result [BDPP04,
Theorem 2.2℄ of Buksom, Demailly, Paun and Peternell. In the ase of a smooth
Fano fourfold we additionally employ a theorem [Kaw89, Theorem 1.1℄ of Y. Kawa-
mata that desribes ips in detail.
Aknowledgments. The results presented here are part of the author's Ph.D. the-
sis [Bar08℄, written under the supervision of Stefan Kebekus. The author would like
to thank the Graduiertenkolleg Globale Strukturen in Geometrie und Analysis of
the Deutshe Forshungsgemeinshaft, DFG, whih granted him a full sholarship.
He would also like to thank James M

Kernan, Seán Keel, Alex Küronya, Carolina
Araujo, Laurent Bonavero and partiularly Cinzia Casagrande for answering his
questions. Moreover, he is thankful to Laurent Bonavero and Andreas Höring for
some inspiring disussions during the summer shool Geometry of omplex proje-
tive varieties and the minimal model program in 2007 and a workshop in 2008 at
the Institut Fourier in Grenoble.
2. Flips for smooth fourfolds
2.1. Essential results. In this short setion we will ite the results whih will be
the tehnial basis for the proof of Theorem 1.1. The rst theorem allows us to
desribe the moving one in terms of linear equations.
Theorem 2.1 (see [BDPP04, Theorem 2.2 and Theorem 2.4℄). Let X be an irre-
duible projetive variety of dimension n. Then the one NM(X) of moving urves
and the one E(X) of pseudoeetive divisors are dual; in other words,
NM(X) = {γ ∈ N1(X)R | γ ·∆ ≥ 0, for all ∆ ∈ E(X)}.

The reader who is not familiar with the subjet may take this statement as the
denition for the moving one. For a detailed treatment see [Bar08, Chapter 1℄.
If the Mori one NE(X) of a smooth Fano fourfold X has a small extremal ray, we
have to use the ip of the orresponding small ontration to obtain some of the
linear equations whih ut out the moving one NM(X) of X . The following result,
whih is due to Kawamata, gives a preise desription of the exeptional lous of a
small ontration on a smooth fourfold.
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Theorem 2.2 ([Kaw89, Theorem 1.1℄). Let X be a non-singular projetive variety
of dimension four and let ϕ : X → Y be a small ontration. Then the exeptional
lous S of ϕ is a disjoint union of its irreduible omponents Si, i = 1 . . . n, suh
that Si∼=P2 and NSi/X
∼=OP2(−1) ⊕ OP2(−1), where NSi/X denotes the normal
bundle of Si in X. 
Moreover, Kawamata proves the following orollary.
Corollary 2.3 ([Kaw89, Corollary 1.2℄). Let ϕ : X → Y be as in Theorem 2.2.
Then there exists a ip
(1) X
φ
//_______
ϕ

@@
@@
@@
@@
X+
ϕ+
}}||
||
||
||
Y
where X+ is a non-singular projetive variety. 
Remark 2.4. The ip is onstruted as follows. If we blow up the exeptional lous
S in X , then the exeptional divisor of the blow-up is a disjoint union of irreduible
omponents Ei∼=P2×P1. Furthermore, the normal bundle of eah Ei is isomorphi
to pr∗1(OP2(−1)) ⊕ pr
∗
2(OP1(−1)), where pr1, resp. pr2, denotes the projetion on
the rst, resp. seond, fator of P2 × P1. By ontrating the exeptional divisor in
the other diretion, we obtain a smooth projetive varietyX+ and the ommutative
ip-diagram (1), but see [Kaw89, Corollary 1.2℄.
Remark 2.5 ([Bar08, Remark 4.18℄). Let X be as in Theorem 2.2 with ip dia-
gram (1). Moreover, let γ be the lass of a line g whih lies in a bre of ϕ and let
γ+ be the lass of a urve g+ whih lies in a bre of ϕ+.
Fat 2.6. The urve g+ is isomorphi to P1, and an elementary omputation using
the normal bundle sequene shows that
Ng/X ∼=Og(1)⊕ (Og(−1)
⊕2) and Ng+/X+ ∼=Og+(−1)
⊕3.
Taking the degree of the rst Chern lasses in the normal bundle sequenes for
Ng/X and Ng+/X+ yields that
(2) γ+ ·[KX+ ] = 1 = −γ ·[KX ].
This equation will be very useful in the proof of the main theorem.
We will now introdue a method to take pullbaks or pushforwards of 1-yles via
a ip, whih will be used throughout the whole paper. For more details see [Ara05,
Setion 3℄ or [Bar08, Chapter 3℄.
Fat 2.7 ([Ara05, Denition 3.1℄). Let ϕ : X 99K Y be a birational map between
smooth projetive varieties whih is an isomorphism in odimension one. The
pullbak of Q-Cartier divisors on Y via ϕ yields an injetive linear map
ϕ∗ : N1(Y )R →֒ N
1(X)R,
between the Néron-Severi vetor spaes of numerial equivalene lasses of R-
divisors on Y , and on X . Analogously, the pushforward of Q-Cartier divisors on X
via ϕ yields a surjetive linear map
ϕ∗ : N
1(X)R ։ N
1(Y )R
suh that ϕ∗ ◦ ϕ∗ = idN1(Y )R .
4 SAMMY BARKOWSKI
Denition 2.8. Let
ϕ∗1 : N1(Y )R →֒ N1(X)R
be the dual linear map of the pushforward ϕ∗ : N
1(X)R ։ N
1(Y )R of R-divisors
on X and let
ϕ∗1 : N1(X)R ։ N1(Y )R
be the dual linear map of the pullbak ϕ∗ : N1(Y )R →֒ N1(X)R of R-divisors on Y .
We all ϕ∗1 the numerial pullbak via ϕ and ϕ∗1 the numerial pushforward via ϕ.
The numerial pullbak and the numerial pushforward satisfy some useful proper-
ties, as a projetion formula, by denition.
The following is immediate from the denition. For a detailed proof, see [Bar08,
Chapter 4.2.2℄.
Lemma 2.9. Let X be a smooth fourfold and let ϕ : X → Y be a small ontration
with ip diagram (1).
(i) If γ is the lass of a line whih lies in a bre of ϕ and γ+ is the lass of a
urve whih lies in a bre of ϕ+, then
φ∗1(γ
+) = −γ.
(ii) Let c+ be an irreduible urve on X+. Then φ∗1([c
+]) is an eetive lass if
and only if c+ is not ontained in the exeptional lous S+ of the ipped small
ontration ϕ+. More preisely, if c+ is not ontained in S+, then
φ∗1([c
+]) = [c] + k[rs],
where c is the strit transform of c+, k ≥ 0 with equality i c+ is disjoint from
S+ and rs is an irreduible urve whih is ontained in a bre of the small
ontration ϕ. The analogous statement holds for the numerial pushforward
of a urve whih is not ontrated by ϕ.

2.2. The Mori one of a smooth fourfold. The following proposition will later
serve as an indution step in the proof of the fat that the moving one of a smooth
fourfold is polyhedral. The proof of the proposition relies on Kawamata's results.
It essentially uses Lemma 2.9 and the fat that the exeptional lous of the ipped
small ontration is a disjoint union of nitely many rational urves.
Proposition 2.10. Let X be a smooth projetive fourfold suh that KX fails to be
nef and suh that NE(X) is a onvex, polyhedral one in N1(X)R,
NE(X) = 〈[p1], . . . , [pk], [n1], . . . , [nm]〉R+ say,
where eah pi is an irreduible urve on X suh that [pi] ·[KX ] ≥ 0. Assume that
there exists an ample divisor A on X and a real number ε > 0 suh that
(i) every irreduible urve c 6= p1, . . . , pk on X is (KX + εA)negative and that
(ii) eah nj is a rational urve on X, in partiular [nj] ·([KX ] + ε[A]) < 0 by (i).
Moreover, assume that [nm] is a small extremal lass with extremal ontration
ϕ : X → Y and let
X
φ
//_______
ϕ

@@
@@
@@
@@
X+
ϕ+
}}||
||
||
||
Y
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be the ip of ϕ. Denote by S := ExX(ϕ) the exeptional set of ϕ in X and by
S+ := ExX+(ϕ
+) the exeptional set of ϕ+ in X+.
Then NE(X+) is a onvex, polyhedral one in N1(X
+)R. For every ample divisor
A+ on X+ there exists an ε+ > 0 suh that every irreduible urve c+ 6= p+1 , . . . , p
+
k
whih is not ontained in S+ is (KX+ + ε
+A+)negative, where p+i denotes the
strit transform of pi under φ, for i = 1, . . . , k.
Strategy for the proof. Sine NE(X+) ontains no lines, it is the span of its extremal
rays. Therefore, to show that NE(X+) is polyhedral, it is suient to show that
NE(X+) has only nitely many extremal rays. There exists a deomposition
NE(X+) = NI(X+) + R+[n
+
m] + R+[p
+
1 ] + · · ·+ R+[p
+
k ],
where NI(X+) is a ertain subone of NE(X+) that we will dene later. Any
extremal ray R of NE(X) whih is not equal to R+[n+m] or R+[p
+
i ], i = 1, . . . , k, is
then an extremal ray of NI(X+). We will then show that for every ample divisor A+
on X+ there exists an ε+ ∈ R>0 suh that NI(X+)\ {0} is entirely [KX+ + ε
+A+]
negative. Therefore, every extremal ray R of NE(X) whih is not equal to R+[n+m]
or R+[p
+
1 ], . . . ,R+[p
+
k ] is [KX++ε
+A+]negative. This will onlude the proof sine
Mori's Cone Theorem says that NE(X+) has only nitely many [KX+ + ε
+A+]
negative extremal rays.
Proof. First of all, note that the existene of the map φ is guaranteed by Corol-
lary 2.3, and note that X+ is a smooth fourfold. Moreover, we know that S is the
disjoint union of its irreduible omponents, whih are isomorphi to P2, and that
S+ is a disjoint union of smooth rational urves.
Without loss of generality, we may assume that S and S+ are irreduible. For
onformity, we will denote the irreduible urve S+ by n+m. Furthermore, we an
assume that
φ∗1([n
+
m]) = −[nm]
by Lemma 2.9. Reall that for every irreduible urve r+ 6= n+m on X
+
the lass
φ∗1([r
+]) is eetive and not zero by Lemma 2.9. Let p+i be the strit transform of
pi under φ for all i = 1, . . . , k, dene P := {n+m, p
+
1 , . . . , p
+
k },
NI(X+) :=
{ s∑
i=1
ai[c
+
i ] | ai ∈ R+, c
+
i /∈ P is an irreduible urve on X
+
}
.
and denote by NI(X+) the losure of NI(X+) in N1(X
+)R. A straightforward
omputation shows that
NE(X+) = NI(X+) + R+[n
+
m] + R+[p
+
1 ] + · · ·+ R+[p
+
k ].
By Assumption (i), we know that all irreduible urves on X exept p1, . . . , pk are
(KX + εA)negative for a ertain ample divisor A on X and a ertain real number
ε > 0.
Now let A+ be an arbitrary ample divisor on X+ and set
ε′ := min
{
ε[A] ·[pi]
φ∗([A+]) ·[pi]
,
ε[A] ·[nj ]
φ∗([A+]) ·[nj ]
| i = 1, . . . , k, j = 1, . . . ,m− 1
}
.
We have to hek that ε′ is well-dened. Sine none of the pi, 1 ≤ i ≤ k, or nj ,
1 ≤ j < m, are ontained in the exeptional lous S of ϕ, all the lasses φ∗1([pi])
and φ∗1([nj ]) are eetive by Lemma 2.9. Thus 0 < [A
+] · φ∗1([pi]) = φ
∗([A+]) ·[pi]
and 0 < [A+] · φ∗1([nj ]) = φ
∗([A+]) ·[nj ] for all i = 1, . . . , k and j = 1, . . . ,m − 1.
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In partiular, ε′ > 0 by the previous onsideration. With this denition, Assump-
tion (i) yields that
(3)
(
[KX ] + ε
′φ∗([A+])
)
· η ≤ ([KX ] + ε[A]) · η for all η ∈ NE(X).
Note that it is suient to hek inequality (3) for the lasses [pi] and [nj ] sine
NE(X) = 〈[p1], . . . , [pk], [n1], . . . , [nm]〉R+ . Now set
ε+ := ε
′
2 .
Claim. Every lass γ ∈ NI(X+) \ {0} is ([KX+ ] + ε
+[A+])negative.
Proof of the Claim. Let 0 6= γ ∈ NI(X+). By denition of NI(X+), there exists a
sequene of eetive yles (γl)l∈N ⊂ NI(X+) suh that γl
l→∞
−−−→ γ. Let l ∈ N be
an arbitrary integer. The lass γl is given by a nite sum
γl =
∑s
i=1
ai[c
+
i ],
where ai ≥ 0 and c
+
i is an irreduible urve on X
+
whih is not ontained
in the set P = {n+m, p
+
1 , . . . , p
+
k } for all i = 1, . . . , s. Lemma 2.9 yields that
φ∗1([c
+
i ]) = [ci] + ki[nm], where ci denotes the strit transform of c
+
i and ki is a
suitable non-negative integer, for all i = 1, . . . , s.
Note that eah ci 6= pj , for all j = 1, . . . , k sine none of the urves c
+
i is equal to
one of the p+j , j = 1, . . . , k.
Therefore, ([KX ] + ε[A]) ·([ci] + ki[nm]) < 0 for all i = 1, . . . , s and
(4) φ∗1(γl) is an eetive ([KX ] + ε[A])negative lass.
Thus
([KX+ ] + ε
′[A+]) · γl = φ
∗([KX+ ] + ε
′[A+]) · φ
∗
1(γl)
= ([KX ] + ε
′φ∗([A+])) · φ
∗
1(γl)
≤ ([KX ] + ε[A]) · φ
∗
1(γl) < 0 by (3) and (4)
This yields that ([KX+ ] + ε
′[A+]) · γ = lim
l→∞
([KX+ ] + ε
′[A+]) · γl ≤ 0. Sine
γ ∈ NI(X+) ⊂ NE(X+) and A+ is ample, we obtain that
[KX+ ] + ε
+[A+]) · γ = ([KX+ ] + ε
′[A+]) · γ︸ ︷︷ ︸
≤0
− ε
′
2 [A
+] · γ︸ ︷︷ ︸
>0
< 0. 
Claim
By denition of the one NI(X+), this yields that every irreduible urve
c+ 6= p+1 , . . . , p
+
k whih is not ontained in S
+
is (KX+ + ε
+A+)negative.
Now let R := R+ν be an extremal ray of NE(X+) suh that ν is not numerially
proportional to [p+1 ], . . . , [p
+
k ] or [n
+
m]. The existene of suh an extremal ray is
guaranteed by the fat that NE(X+)K
X+
<0 6= ∅. The given deomposition of
NE(X+) yields that R ⊂ NI(X+) and thus ([KX+ ] + ε
+[A+])negative.
Sine there are only nitely many ([KX+ ] + ε
+[A+])negative extremal rays in
NE(X+) by Mori's Cone Theorem, this shows that NE(X+) has only nitely many
extremal rays and onludes the proof. 
Remark 2.11. The proof of Proposition 2.10 shows that
NE(X+) = NI(X+) + R+[n
+
m] + R+[p
+
1 ] + · · ·+ R+[p
+
k ],
where NI(X+) ⊂ NE(X+)K
X+
<0, n
+
m is a urve in the exeptional lous of the
ipped small ontration and the p+i are the strit transforms of the KXnon-
negative urves pi, i = 1, . . . , k, under the ip φ. Moreover, every irreduible urve
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whih is not numerially proportional to p+1 , . . . , p
+
k or n
+
m, is ontained in NI(X
+).
Note that it is not true that the strit transforms of urves whih span extremal
rays of NE(X) will always span extremal rays of NE(X+). Even if they do, the
types of extremal ontrations an hange.
Denition 2.12. A smooth projetive fourfold whih satises the requirements
of Proposition 2.10 is alled a pm-fourfold. Let X0 be a pm-fourfold. A nite
sequene
X0
φ1
99K X1
φ2
99K · · ·
φn
99K Xn
of birational maps is alled a pm-ip sequene for X0 if
(i) the map φi : Xi−1 99K Xi is the ip of a small ontration whih ontrats a
KXi−1negative extremal ray R+[si−1], for all i = 1, . . . , n, and
(ii) the Mori one NE(Xn) of the fourfoldXn has noKXnnegative small extremal
rays.
We will all a pm-ip sequene for X0 a pm-ip sequene for R+[s0] if the rst
map φ1 : X0 99K X1 in the sequene is the ip of the small ontration whih
ontrats the KX0negative extremal ray R+[s0].
The number of ips in a pm-ip sequene is alled the length of the pm-ip
sequene.
Remark 2.13. Note the following two apparent statements.
(i) Eah variety Xi, for i = 0, . . . , n − 1, in suh a pm-ip sequene is a pm-
fourfold by Proposition 2.10. In partiular, NE(Xn) is polyhedral.
(ii) If X is a smooth Fano fourfold suh that NE(X) has a small extremal ray,
then X is a pm-fourfold. This is obvious, as we an take A = −KX and
ε = 12 , for example.
We will now show that pm-ip sequenes exist and that there are just nitely
many pm-ip sequenes for eah pm-fourfold. This is an immediate onsequene
of the following theorem due to Y. Kawamata, K. Matsuda and K. Matsuki.
Theorem 2.14 (See [KMM87, Theorem 5-1-15℄). There is no innite sequene of
ips for threefolds and fourfolds. 
Thanks to this result we are able to prove the afore-noted statement.
Lemma 2.15. Let X0 be a pm-fourfold. Then there exists a pm-ip sequene
for every small extremal ray of NE(X0). Moreover, there exist only nitely many
pm-ip sequenes for X0.
Proof. The existene of a pm-ip sequene for every small ontration is an im-
mediate onsequene of Corollary 2.3, Proposition 2.10 and Theorem 2.14.
We will prove the seond statement of the lemma by ontradition. Suppose there
are innitely many pm-ip sequenes for X0. Sine NE(X0) has only nitely many
extremal rays, there has to be a small extremal ray R+[s0] with ip φ1 : X0 99K X1
suh that innitely many pm-ip sequenes start with φ1. Proposition 2.10 yields
that NE(X1) is polyhedral, too. Therefore, there has to be a small extremal ray
R+[s1] of NE(X1) with ip φ2 : X1 99K X2 suh that innitely many pm-ip
sequenes start with the map φ1 ◦ φ2. In this manner we an onstrut an innite
sequene of ips suessively whih, however, is a ontradition to Theorem 2.14.

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Constrution and Denition 2.16. Let X be a pm-fourfold and let R+[s] be
a small extremal ray of NE(X). Let Xk be a smooth projetive fourfold whih
appears in a pm-ip sequene for R+[s] and denote by Φk : X 99K Xk the indued
birational map. The Mori one of Xk is polyhedral,
NE(Xk) = {α ∈ N1(Xk)R | α ·[Ni] ≥ 0, i = 1, . . . ,m} say,
where N1, . . . , Nm are nef divisors on Xk whih span Nef(Xk).
We dene
Eq(Xk)nef := {(Φk)
∗([Ni]) | i = 1 . . . ,m}
as the set of pullbaks via the map Φk of nef divisors on Xk whih span Nef(Xk).
We set
Eq(Xk)div := {(Φk)
∗([Ei]) | i = 1, . . . , l},
where E1, . . . , El are the exeptional divisors whih orrespond to the divisorial
extremal rays of NE(Xk).
Furthermore, let Poly(R+[s]) be the set of varieties whih appear in a pm-ip
sequene for R+[s].
We all the set
Eq(R+[s]) :=
⋃
Xk∈Poly(R+[s])
(Eq(Xk)nef ∪ Eq(Xk)div)
the set of equations for R+[s].
Remark 2.17. Note that the set Eq(R+[s]) is a nite set of lasses of divisors on
X for every small extremal ray of NE(X).
3. Proof of the main theorem
We will now give the denition of the set Eq(X), whih was introdued in the
statement of the main theorem of this paper.
Denition 3.1. If X is a smooth Fano fourfold, then set
Eq(X) :=
( k⋃
i=1
Eq(R+[si])
)
∪ Eq(X)nef ∪ Eq(X)div,
where R+[s1], . . . ,R+[sk] are the small extremal rays of NE(X). We all Eq(X) the
set of equations for X .
Note that Eq(X) is a nite set of lasses of divisors by Remark 2.17.
3.1. Proof of Theorem 1.1. Let X be a smooth Fano fourfold. The inlusion
NM(X) ⊆ {γ ∈ N1(X)R | γ ·∆ ≥ 0 for all ∆ ∈ Eq(X)} =: M
follows from the fat that the numerial pushforward of a movable lass by a ip is
again a movable lass. Let us prove that NM(X) ⊇M .
Let γ ∈ N1(X)R suh that γ ·∆ ≥ 0 for all ∆ ∈ Eq(X) and let D be an arbitrary
irreduible divisor on X . We need to show that γ ·[D] ≥ 0 by Theorem 2.1. If [D] is
ontained in the set 〈Eq(X)〉R+ of eetive linear ombinations of lasses in Eq(X),
then there is nothing to show. Thus we an assume that [D] is not ontained in
〈Eq(X)〉R+ .
The inlusion Eq(X)nef ⊂ Eq(X) yields that γ ∈ NE(X). Sine X is Fano, we
know that
NE(X) = 〈[f1], . . . , [fm], [d1], . . . , [dn], [s1], . . . , [sk]〉R+ ,
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where fi, dj , sl are rational urves on X , R+[fi] is an extremal ray of bre type,
R+[dj ] is a divisorial extremal ray and R+[sl] is a small extremal ray, for all
i = 1, . . . ,m, j = 1, . . . , n and l = 1, . . . , k.
Thus it is suient to show that [fi] ·[D] ≥ 0, [dj ] ·[D] ≥ 0 and [sl] ·[D] ≥ 0, for all
i = 1, . . . ,m, j = 1, . . . , n and l = 1, . . . , k.
We hoose arbitrary indies 1 ≤ i ≤ m, 1 ≤ j ≤ n and 1 ≤ l ≤ k.
By assumption, R+[fi] is an extremal ray of bre type. Therefore, learly
[fi] ·[D] ≥ 0 sine D annot ontain every bre of the orresponding ontration.
Let Ej denote the exeptional divisor of the extremal ontration orresponding to
R+[dj ]. Sine [D] /∈ Eq(X)div, we have [D] 6= [Ej ]. Therefore, we an nd a urve
c ⊂ Ej suh that c ∼num dj and c * D. Hene [dj ] ·[D] ≥ 0.
The last inequality [sl] ·[D] ≥ 0 is shown in the following Proposition 3.2. 
Proposition 3.2. Let X0 be a smooth Fano fourfold and let R+[s0] be a small
extremal ray of NE(X0). If D is an irreduible divisor on X0 suh that [D] is not
ontained in the losed one 〈Eq(R+[s0])〉R+ spanned by lasses in Eq(R+[s0]), then
[D] ·[s0] ≥ 0.
Sine the proof of Proposition 3.2 is rather long, we have subdivided it into a
number of steps for the reader's onveniene.
3.2. Proof of Proposition 3.2.
Step 1, setup of notation. Let D be an irreduible divisor on X0 suh that [D] is
not ontained in the losed one 〈Eq(R+[s0])〉R+ spanned by lasses in Eq(R+[s0]).
Furthermore, let
X0
φ1
//_______
ϕ0
  
AA
AA
AA
AA
X1
ϕ+
0~~}}
}}
}}
}}
Y0
be the ip diagram for R+[s0]. Following the notation introdued in Figure 1, let
[s10] be the lass of an irreduible urve s
1
0 in a bre of ϕ
+
0 and let D1 be the strit
transform of D under φ1. Note that −s0 ·KX0 = 1 = s
1
0 ·KX1 by Equation (2)
of page 3. We may assume that the exeptional lous of ϕ0 is irreduible. Then
Remark 2.11 yields that
NE(X1) = NI(X1) + R+[s
1
0],
where NI(X1) is KX1negative, and that s
1
0 is the only KX1non-negative urve on
X1.
We will prove Proposition 3.2 by ontradition. Assume that [D] ·[s0] < 0. We
know that [D1] = (φ1)∗([D]) and Lemma 2.9 gives (φ1)∗([D]) ·[s
1
0] > 0.
We will now onstrut an innite sequene of ips suessively, whih is impos-
sible by Theorem 2.14, and therefore a ontradition. Throughout the proof of
Proposition 3.2, we use the notation outlined in Figure 1.
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X0
φ1
//_______
ϕ0
  
AA
AA
AA
AA
X1
φ2
//_______
ϕ
+
0~~}}
}}
}}
}}
ϕ1
  
AA
AA
AA
AA
. . .
φn−1
//________ Xn−1
φn
//________
ϕn−1
##G
GG
GG
GG
GG
ϕ
+
n−2{{ww
ww
ww
ww
w
Xn
ϕ
+
n−1||yy
yy
yy
yy
Y0 Y1 · · · Yn−2 Yn−1
Dn strit transform of D in Xn
Sn ϕn-exeptional lous in Xn, omponents are isomorphi to P2 in Xn
S+n ϕ
+
n -exeptional lous in Xn+1, omponents are isomorphi to P
1
in Xn+1
sn line in a omponent of Sn in Xn
sn+1n a omponent of S
+
n in Xn+1
sn+1m for 0 ≤ m ≤ n− 1, the strit transform of s
m+1
m in Xn+1
fn strit transform of sn in Xn−1
Figure 1. Notation for sequenes of ips
Step 2, nding a ip sequene of length two. By Lemma 2.15 there exists a
pm-ip sequene for R+[s0] and, of ourse, X1 appears in every pm-ip sequene
for R+[s0]. Thus [D1] annot be a nef lass sine [D] /∈ 〈Eq(R+[s0])〉R+ by as-
sumption. Hene there has to be a geometrially extremal ray R1 of NE(X1) suh
that [D1] is negative on R1. Proposition 2.10 yields that R1 is KX1negative sine
[D1] ·[s
1
0] > 0. The ontration of the ray R1 annot be a bre ontration sine [D1]
is eetive and sine [D] /∈ 〈Eq(R+[s0])〉R+ , it annot be a divisorial ontration.
Therefore, R1 = R+[s1] is a small extremal ray with exeptional lous S1. Without
loss of generality, we may assume that S1 is irreduible and hene S1∼=P2. Let
X1
φ2
//_______
ϕ1
  
AA
AA
AA
AA
X2
ϕ+
1~~}}
}}
}}
}}
Y1
be the ip diagram for R+[s1]. With the notation of Figure 1, Remark 2.11 yields
that
NE(X2) = NI(X2) + R+[s
2
0] + R+[s
2
1],
where NI(X2) is entirely KX2negative and s
2
0, s
2
1 are the only KX2non-negative
urves on X2. Lemma 2.9 yields that
[D2] ·[s
2
1] = (φ2)∗([D1]) ·[s
2
1] = [D1] · (φ2)
∗
1([s
2
1]) = −[D1] ·[s1] > 0.
Claim 3.3. NE(X2) has a small KX2negative extremal ray R2.
Proof of Claim 3.3. Assume that there is no small KX2negative extremal ray in
NE(X2). Then, by denition, φ2 ◦ φ1 is a pm-ip sequene for R+[s0]. Sine
[D] /∈ 〈Eq(R+[s0])〉R+ , the divisor lass [D2] = (φ2)∗
(
(φ1)∗([D])
)
is not nef and
there exists a geometrially extremal ray R of NE(X2) suh that D2 is negative on
R. The intersetion KX2 ·R annot be negative. If it was, then the ontration of
the ray R would be either a divisorial or a bre ontration. However, it annot
be a bre ontration sine D2 is eetive and it annot be a divisorial ontration
sine [D] /∈ 〈Eq(R+[s0])〉R+ . The ray R is thereforeKX2non-negative and Proposi-
tion 2.10 shows that R is either the ray R+[s21] or the ray R+[s
2
0]. However, we have
already seen that [D2] ·[s
2
1] > 0. Thus, our assumption yields that [D2] ·[s
2
0] < 0.
To onlude our argumentation, we will show that in fat [D2] ·[s
2
0] > 0, whih will
yield the desired ontradition.
If s10 and S1 are disjoint, then (φ2)
∗
1([s
2
0]) = [s
1
0] by Lemma 2.9 and we obtain that
(5) [D2] ·[s
2
0] = (φ2)
∗([D2]) · (φ2)
∗
1([s
2
0]) = [D1] ·[s
1
0] > 0.
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X1X0
S1 ∼=P2
s10
s1T1 ∼=F1
S0 ∼=P2
s0
f1
φ1
Figure 2. Sketh for the proof of Claim 3.3.
Moreover, an analogous omputation shows that [KX2 ] ·[s
2
0] = 1 in this ase.
To prove Claim 3.3 it is thus suient to show that s10 does not interset the surfae
S1∼=P2. To see this, we will investigate the numerial pullbak of [s1], whih is the
lass of an arbitrary line in the surfae S1∼=P2, via φ1 on X0. Lemma 2.9 gives
(φ1)
∗
1([s1]) = [f1] + k[s0],
where k ≥ 0 with equality i s1 and s10 are disjoint. See Figure 2. Equation (2)
yields that
−1 = [KX1 ] ·[s1] = (φ1)
∗([KX1 ]) · (φ1)
∗
1([s1]) = [KX0 ] ·([f1]+k[s0]) = [KX0 ] ·[f1]−k
Sine X0 is Fano, we obtain 0 > [KX0 ] ·[f1] = k − 1 ⇒ k = 0. This yields that
s10 is disjoint from any line in S1
∼=P2. Thus s10 is disjoint from S1 and hene
[D2] ·[s
2
0] > 0 by Equation (5). In partiular, the urves s
2
0 and s
2
1 are disjoint.
Claim 3.3 is therefore shown. 
Claim 3.3
So far we have shown the following.
Summary 3.4. The urves s20 and s
2
1 are disjoint and they are the only irre-
duible urves in X2 with [s
2
0], [s
2
1] ∈ NE(X2)KX2≥0. Moreover, we know that
NE(X2) = NI(X2) + R+[s20] + R+[s
2
1], that [s
2
0] ·[KX2 ] = 1 = [s
2
1] ·[KX2 ] and that
[s20] ·[D2] > 0, [s
2
1] ·[D2] > 0. The divisor D2 is negative on a small KX2negative
extremal ray R2 = R+[s2] of NE(X2) and NI(X2) is entirely KX2negative.
Step 3, extending an existing ip sequene. Now assume that we have on-
struted a sequene of ips of length n, as in Figure 1, with the following properties
(An) The X1, . . . , Xn are pm-fourfolds and
NE(Xn) = NI(Xn) + R+[s
n
0 ] + . . .+ R+[s
n
n−1],
where NI(Xn) ⊂ (KXn)<0, the urves s
n
0 , . . . , s
n
n−1 are pairwise disjoint and
are the only KXnnon-negative urves in Xn.
(Bn) We have [KXn ] ·[s
n
i ] = 1, for i = 0, . . . , n− 1.
(Cn) The strit transform Dn ⊂ Xn of D under φ := φn ◦ . . . ◦φ1 is positive on all
KXnnon-negative extremal rays R+[s
n
i ] of NE(Xn).
(Dn) Dn is negative on a small KXnnegative extremal ray Rn = R+[sn] of
NE(Xn).
We may assume that the exeptional lous Sn of the orresponding extremal on-
tration is irreduible.
Theorem 2.2 and Corollary 2.3 yield that Sn∼=P2 and that the ip
φn+1 : Xn 99K Xn+1
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of Rn exists. Remark 2.11 yields that
NE(Xn+1) = NI(Xn+1) + R+[s
n+1
0 ] + . . .+ R+[s
n+1
n ],
where NI(Xn+1) is entirely KXn+1negative and the s
n+1
i are the only KXn+1non-
negative urves on Xn+1.
In order to apply this onstrution indutively, and thus onstrut an innite ip
sequene, it sues to show that the sequene X0 99K · 99K Xn+1 again satises
the properties (An+1)(Dn+1). It will turn out that they are all orollaries of the
following laim.
Claim 3.5. The urves sni , i = 0, . . . , n− 1, and the surfae Sn are disjoint.
Proof of Claim 3.5. We will prove that snn−1 and Sn are disjoint rst. With the
notation of Figure 1, if sn ⊂ Sn∼=P2 is any line, Lemma 2.9 gives
(φn)
∗
1([sn]) = [fn] + l[sn−1],
where l ≥ 0 with equality i snn−1 and sn are disjoint. Equation (2) yields that
−1 = [KXn ] ·[sn] = (φn)
∗([KXn ]) · (φn)
∗
1([sn]) = [KXn−1 ] ·([fn] + l[sn−1])
and we obtain that
[KXn−1 ] ·[fn] = l − 1.
Note that [KXn−1 ] ·[fn] < 0, for otherwise fn is one of the urves s
n−1
i , whih is
impossible sine all sni areKXnon-negative by Property (Bn) and [KXn ] ·[sn] = −1
by Equation (2). We obtain that 0 > [KXn−1 ] ·[fn] = l− 1⇒ l = 0 and hene s
n
n−1
is disjoint from any line in Sn∼=P2. It follows that snn−1 and Sn are disjoint. In
partiular, the urves sn+1n−1 and s
n+1
n are disjoint too.
We go on with the urve snn−2. Note that s
n
n−1 and Sn are disjoint by the previous
step and snn−2 is disjoint from s
n
n−1 by Property (An). This yields that the ip φn
is an isomorphism along Sn and s
n
n−2. Thus, we an investigate the intersetion
of sn−1n−2 with the inverse image Tn of Sn under φn, whih is again isomorphi to
P2. This situation is ompletely analogous to the one of the previous step and the
analogous omputations yields that sn−1n−2 is disjoint form Tn. Hene s
n
n−2 is disjoint
form Sn and s
n+1
n−2 is disjoint from s
n+1
n .
In this manner, we an prove suessively that the urves sni are disjoint from Sn
and that the urves sn+1i are disjoint from s
n+1
n . Claim 3.5
Step 3a, proof of Property (An+1). We have already seen that
NE(Xn+1) = NI(Xn+1) + R+[s
n+1
0 ] + . . .+ R+[s
n+1
n ],
where NI(Xn+1) is entirely KXn+1negative and the s
n+1
i are the only KXn+1non-
negative urves on Xn+1. The fat that the urves s
n+1
0 , . . . , s
n+1
n are pairwise
disjoint follows from Claim 3.5.
Step 3b, proof of Property (Bn+1). We have
[KXn+1 ] ·[s
n+1
n ] = (φn+1)∗([KXn ]) ·[s
n+1
n ] = −[KXn ] ·[sn] = 1
by Equation (2). Now let 0 ≤ i ≤ n− 1 be an integer. Sine sni is disjoint from Sn
by Claim 3.5, Lemma 2.9 yields that (φn+1)
∗
1([s
n+1
i ]) = [s
n
i ] and
[KXn+1 ] ·[s
n+1
i ] = (φn+1)∗([KXn ]) ·[s
n+1
i ] = [KXn ] ·[s
n
i ] = 1
by Property (Bn).
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Step 3, proof of Property (Cn+1). With the same argumentation as in the previous
step, we obtain that
[Dn+1] ·[s
n+1
n ] = (φn+1)∗([Dn]) ·[s
n+1
n ] = −[Dn] ·[sn] > 0,
by Lemma 2.9 and that
[Dn+1] ·[s
n+1
i ] = (φn+1)∗([Dn]) ·[s
n+1
i ] = [Dn] ·[s
n
i ] > 0,
by Property (Cn) for i < n.
Step 3d, proof of Property (Dn+1). We laim that there exists a small KXn+1
negative extremal ray R′ of NE(Xn+1) suh that Dn+1 is negative on R
′
. Sine
[D] /∈ 〈Eq(R+[s0])〉R+ , the divisor lass [Dn+1] = (φn+1)∗((φ)∗([D])) is not nef
and there exists a geometrially extremal ray R′ of NE(Xn+1) suh that Dn+1
is negative on R′. We have already seen Property (Cn+1), in other words, that
[Dn+1] is positive on the rays R+[s
n+1
0 ], . . . ,R+[s
n+1
n ]. Therefore, Property (An+1)
shows that R′ is ontained in NI(Xn+1) and hene KXn+1negative. However,
the orresponding extremal ontration annot be a bre ontration sine Dn+1 is
eetive and sine [D] /∈ 〈Eq(R+[s0])〉R+ , it annot be a divisorial ontration. Thus
the extremal ontration of the ray R′ is small and Property (Dn+1) is therefore
proved.
Step 4, summary, end of proof. Summarising, we an note the following. To-
gether the properties [D] /∈ 〈Eq(R+[s0])〉R+ and [D] ·[s0] < 0 yield that there exists
a small extremal ray R1 in the Mori one of the ipped variety X1 suh that the
strit transform of D is negative on R1. By onstrution, the lass of the strit
transform of D is not ontained in the set 〈Eq(R1)〉R+ and we an iterate this pro-
ess. By indution, this onstrution yields an innite sequene ips and hene the
desired ontradition. This onludes the proof of Proposition 3.2. 
3.3. Proof of Proposition 1.2. The proof is ompletely analogous to the proof
of Theorem 1.1. The inlusion
NM(X) ⊆ {γ ∈ N1(X)R | γ ·∆ ≥ 0 for all ∆ ∈ {[E1], . . . , [Ek]} ∪ Nef(X)}
an be seen diretly, or dedued by Theorem 2.1. To prove the other inlusion,
reall the fat that the Mori one of a smooth threefold has no small extremal rays.
Now we an onlude the proof with the same argumentation as in the proof of
Theorem 1.1. 
4. An example for the omputation of the moving one
A priori, the set Eq(X) dened in Theorem 1.1 seems to be very large and umber-
some. We will now sketh an example whih shows that the situation is not that
bad and whih illustrates the omputation of the set Eq(X). For details see [Bar08,
Example 4.34℄.
Example 4.1 (See [Bar08, Example 4.34℄). Let π′ : E → P2 be the vetor bundle
OP2 ⊕ (OP2(1)
⊕2) over P2. The variety
Y := P(E )
is a smooth fourfold and the indued projetion map π : Y → P2 has a setion
orresponding to the quotient E → OP2 → 0. Let S
′ ⊂ Y be the image of this
setion, let F ′ be a bre of the projetion π and let l be a line in F ′ whih does not
interset the plane S′. We denote by Γ′ the lass of the pullbak of a hyperplane
in P2 and by Λ′ the lass of the line bundle OY (1). Moreover, we denote by γ′ the
lass of a line in S′ and by λ′ the lass of a line in a bre of π.
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Now let µ : X → Y be the blow up of Y in l, denote by E the exeptonal divisor
of the blow up and denote by η the lass of a urve in a bre of µ|E : E → l. We
x some more notation.
Let F and S denote the strit transforms under µ of F ′ and S′, respetively. The
lass of the strit transform under µ of a divisor with lass Γ′ whih does not ontain
F ′ is given by µ∗(Γ′) =: Γ, of a divisor with lass Γ′ whih ontains the bre F ′ by
Γ− [E], and of a divisor with lass Λ′ by µ∗(Λ′) − [E] =: Λ. The strit transform
of a divisor with lass Λ′ − Γ′ is given by Λ − Γ + [E].
The lass of the strit transform under µ of a urve with lass γ′ is given by
µ∗1(γ
′) =: γ, of a urve in F ′ by µ∗1(λ
′) − η =: ν, and of a general urve with lass
λ′ by µ∗1(λ
′) =: λ = ν + η.
Fat: The variety X is a smooth Fano fourfold and one an hek that
NE(X) = 〈γ, ν, η〉R+ .
The extremal ontrations of the extremal rays R+ν and R+γ are small with ex-
eptional loi F and S, respetively. Moreover, some short omputations show that
NE(X) is ut out of N1(X)R by the nef divisor lasses Γ, Λ and Λ + [E] = µ
∗(Λ′).
Thus we have
Eq(X)nef = {Γ,Λ, (Λ + [E])} and Eq(X)div = {[E]}.
Now we will ompute the pm-ip sequenes for R+ν and R+γ, and we will start
with the sequene for R+ν. Let φ1 : X 99K X1 be the ip of the small extremal ray
R+ν. We set Γ1 := (φ1)∗(Γ), Λ1 := (φ1)∗(Λ) and [E1] := (φ1)∗([E]). Let ν1 denote
the lass −(φ1)∗1(ν) and let F1 be the indeterminay lous of φ1 in X1.
The lass of the strit transform under φ1 of a urve with lass γ is given by
(φ1)∗1(γ)− ν1 =: γ1 if the urve intersets F , and by γ1 + ν1 otherwise.
The lass of the strit transform under φ1 of a urve with lass η is given by
(φ1)∗1(η) − ν1 =: η1 if the urve intersets F , and by η1 + ν1 otherwise.
The lass of the strit transform of a urve with lass λ is given by (φ1)∗1(λ) =: λ1.
Now one proves that
NE(X1) = 〈γ1, ν1, λ1〉R+
and that the extremal ontrations of R+γ1 and R+λ1 are of bre type. Thus there
is only one pm-ip sequene for R+ν, whih has length one. Furthermore, NE(X1)
is ut out of N1(X1)R by the hyperplanes Γ
⊥
1 , Λ
⊥
1 and (Γ1− [E1])
⊥
. We obtain that
Eq(X1)nef = {Γ,Λ, (Γ− [E])} and Eq(X1)div = ∅.
We go on with the pm-ip sequenes for γ. Let φ2 : X 99K X2 be the ip
of the small extremal ray R+γ. We set Γ2 := (φ2)∗(Γ), Λ2 := (φ2)∗(Λ) and
[E2] := (φ2)∗([E]). Set γ2 := −(φ2)∗1(γ) and let S2 be the indeterminay lous
of φ2 in X2.
The lass of the strit transform under φ2 of a urve with lass ν is given by
(φ2)∗1(ν) − γ2 =: ν2 if the urve intersets S, and by ν2 + γ2 otherwise.
The lass of the strit transform under φ2 of a urve with lass λ is given by
(φ2)∗1(λ) − γ2 =: λ2 if the urve intersets S, and by λ2 + γ2 otherwise.
The lass of the strit transform of a urve with lass η is given by (φ2)∗1(η) =: η2.
Some short omputations show that
NE(X2) = 〈γ2, ν2, η2〉R+ ,
that the extremal ontration of R+ν2 is of bre type and that the extremal on-
tration of R+η2 is divisorial with exeptional divisor E2.
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Thus there is only one pm-ip sequene for R+γ, whih has length one, as well.
Furthermore, NE(X2) is ut out of N1(X2)R by the hyperplanes Λ
⊥
2 , (Λ2 + [E2])
⊥
and (Λ2 − Γ2 + [E2])⊥. This yields that
Eq(X2)nef = {Λ, (Λ + [E]), (Λ − Γ + [E])} and Eq(X2)div = {[E]}.
Combining all this, we have
Eq(X) = {Λ,Γ, [E], (Γ− [E]), (Λ + [E]), (Λ − Γ + [E])}
and a short omputation gives
NM(X) = {ς ∈ N1(X)R | ς ·∆ ≥ 0, for all ∆ ∈ Eq(X)}
= 〈λ, (λ + γ), (γ + ν)〉R+ .
The omplete situation is skethed in the following piture, where the hathed areas
inside the Mori ones illustrate the moving ones of X , X1 and X2.
ross-setions through
the Néron-Severi spaes
of X,X1 and X2.
(φ2)∗1(φ1)∗1
NE(X)
Λ⊥
Γ⊥
(Γ − [E])⊥
[E]⊥
(Λ + [E])⊥
(Λ− Γ + [E])⊥
γ
ην
NE(X1)
ν1 λ1
γ1
Λ⊥1
(Γ1 − [E1])
⊥
Γ⊥1
[E1]
⊥
K⊥X1
(Λ1 − Γ1 + [E1])
⊥
NE(X2)
γ2
ν2 η2
(Γ2 − [E2])
⊥
K⊥X2
[E2]
⊥ (Λ2 + [E2])
⊥Λ⊥2
(Λ2 − Γ2 + [E2])
⊥
Figure 3. The hathed areas sketh the moving ones inside the
Mori ones.
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